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Introduction
· A conformal field theory (CFT) is a quantum field
theory which is invariant under conformal transforma-
tions. This means that the physics of the theory looks
the same at all length scales.
· Important applications in various branches of
physics, especially in critical phenomena, condensed
matter physics and string theory.
· Various systems exhibiting scale invariance are stud-
ied with Conformal Field Theory.
· In two dimensions, there is an infinite-dimensional
algebra of local conformal transformations, and Con-
formal Field Theories can sometimes be exactly solved
or classified.
· Boundary Conformal Field Theory (bCFT) is of great
interest the last years, with active research being per-
formed.
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Basics of CFT in 2 dimensions
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Conformal transformations and generators

xµ → xµ + εµ ds2 → ds2 + (∂µεν + ∂νεµ)dxµdxν g′µν(x′) = Ω(x)gµν(x)

εµ = αµ → x′ = x+ α Translations
εµ = ωµνxν → x′ = Λx (Λµν ∈ SO(p, q)) Rotations
εµ = λxµ → x′ = λx Scale Transformations
εµ = bµx2 − 2(b · x)xµ → x′ = x+bx2

1+2b·x+b2x2 Special Conformal Tr.

Generators of Conformal Transformations-Conformal Algebra

Pµ = −i∂µ

Lµν = i(xµ∂ν − xν∂µ)

D = −ixµ∂µ

Kµ = −i(2xµ∂ν∂ν − x2∂µ)

Poincare +



[D,Pµ] = iPµ

[D,Kµ] = −iKµ

[Kµ, Pν ] = 2i(ηµνD − Lµν)

[Kρ, Lµν ] = i(ηρµKν − ηρνKµ)
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Conformal algebra in 2 dimensions

ds2 = (dx0)2 + (dx1)2 = dzdz̄ gµν =

(
0 1/2

1/2 0

)

Witt Algebra

[lm, ln] = (m− n)lm+n [l̄m, l̄n] = (m− n)l̄m+n [lm, l̄n] = 0

ln = −zn+1∂z l̄n = −z̄n+1∂z̄

Virasoro Algebra

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0

[L̄m, L̄n] = (m− n)L̄m+n +
c̄

12
(m3 −m)δm+n,0

[Lm, L̄n] = 0
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Primary Fields and Correlation Functions I

Definition of Quasi-Primary Field: φj(z, z̄) =
∣∣∣∂z′∂z ∣∣∣h ∣∣∣∂z̄′∂z̄ ∣∣∣h̄ φj(z′, z̄′) h = ∆j/2

For the two-point function:

1st: Invariance under translations and rotations causes the determinant to be
equal to unity and implies that the function is of the form f(z1 − z2)

2nd: Invariance under scale transformation fixes the function
f(z1 − z2) = λ∆1+∆2f(λ(z1 − z2))

3rd: Invariance of the two-point function under special conformal transformations
essentially implies the invariance under transformations f(z) = −1/z

The two-point function vanishes unless the two fields have the same scaling
dimension.

Two-point function

< φ1(z1), φ2(z2) >= C12

(z1−z2)2∆ ∆1 = ∆2 = ∆
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Primary Fields and Correlation Functions II

Three-point function

< φ1(z1), φ2(z2), φ3(z3) >= C123

(z1−z2)∆−2∆3 ·(z2−z3)∆−2∆1 ·(z3−z1)∆−2∆2
, ∆ =

∑
i ∆i

Four-point function

< φ1(z1), φ2(z2), φ3(z3), φ4(z4) >= f
(
z12z34
z13z24

)∏
i<j

1

z
∆i/2+∆j/2+∆/6
ij

zij = z1 − zj
x = z12z34

z13z24
1− x = z14z23

z13z24

x
1−x = z12z34

z14z23

SL(2, C)/Z2 global symmetry makes it possible to map any three points
{z1, z2, z3} at maximum on the Riemann sphere to {0, 1,∞}. For the 4-point
function we have:

z1 →∞, z2 = 1, z3 = 0 and z4 = x, 1− x or
x

1− x
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Radial Quantization

Euclidean Space coordinates w, w̄ = τ + iσ with compactification σ = σ + 2π.

Conformal Mapping z = ew = e(τ+iσ): Cylinder → Plane

Dilatations Generator: H = L0 + L̄0 Rotations Generator: P = i(L0 − L̄0)
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Energy Momentum Tensor

Noether Current: jµa =
[

∂L
∂(∂µφ)∂νφ− δ

µ
νL
]
δxν

δεa
− ∂L

∂(∂µφ)
δF
δεa

jµ = Tµνε
ν

Stress-Energy Tensor

Tµν = ∂L
∂(∂µφ)∂

νφ− ηµνL Tµµ = 0

In the case of curved space-time (dynamical background metric) we generalize to
get the Hilbert stress-energy tensor:

Tµν = − 4π√
|g|

∂S
∂gµν

∇µTµν = 0 < Tµµ >= − c
12R (Weyl Anomaly)

Conserved Charges

Q =
∫
dx1j0 → Q = 1

2πi

∮
[dzT (z)ε(z) + dz̄T̄ (z̄)ε(z̄)]

Lazaros Tsaloukidis (A.U.Th.) CFT in 2 dimensions 17-2-2021 9 / 41



Operator Product Expansion

T (z)φ(w,w) = h
(z−w)2φ(w,w) + 1

z−w∂wφ(w,w) + ...

T (z)T (w) = c/2
(z−w)4 + 2T (w)

(z−w)2 + ∂wT (w)
z−w + ...

Equations like those above appear quite frequently on CFT and are important,
especially the second one (proof that the tensor is conformal field of weight 2).

T (z) =
∑

n∈Z z
−n−2Ln Ln = 1

2πi

∮
zn+1T (z)dz

· T ′(z) =
(
∂f
∂z

)2
T (f(z)) + c

12S(f(z), z)

· S(f(z), z) = 1
(∂zf)2

[
(∂zf)(∂3

zf)− 3
2(∂2

zf)2
]

By making use of the above we can derive:

Conformal Ward Identity

< T (z)φ1(w1, w̄1)...φN (wN , w̄N ) >=

=
∑N

i=1

(
hi

(z−wi)2 +
∂wi

(z−wi)

)
< φ1(w1, w̄1)...φN (wN , w̄N ) >
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Representation theory of the Virasoro algebra
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In and Out states of the theory
Laurent expansion of the fields in their respective modes:

φ(z, z̄) =
∑

n,m∈Z

1

zn+h

1

z̄m+h̄
φn,m

φ†(z, z̄) = φ

(
1

z̄
,

1

z

)
1

z̄2h

1

z2h̄
=
∑

n,m∈Z
z̄n−hzm−h̄φn,m

⇒ (φn,m)† = φ−n,−m

In and out states are defined as:

|φin〉 = limz,z̄→0 φ(z, z̄) |0〉 = φ−h,−h̄ |0〉 φn,m |0〉 = 0 n > −h, m > −h̄

〈φout| = limz,z̄→∞ z
2hz̄2h̄ 〈0|φ(z, z̄) = 〈0|φh,h̄ 〈0|φn,m = 0 n < h, m < h̄

For the stress-energy tensor similarly:

T (z) |0〉 =
∑

n∈Z
Ln
zn+2 |0〉 Ln |0〉 = 0 n ≥ −1 〈0|Ln = 0 n ≤ 1
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Highest-weight states
·[Ln, φ(w)] = h(n+ 1)wnφ(w) +wn+1∂φ(w) · [Lm, φn] = [m(h− 1)−n]φn+m

·[Ln, φ(0)] = 0⇒ Lnφ(0) |0〉 = Ln |h〉 = 0, n > 0

Highest weight state

In: L0 |h〉 = h |h〉 Out: 〈h|L0 = h 〈h|

We check from the above that we have [L0, φn] = −nφn, which for n = −h
results in L0 |h〉 = L0φ−h |0〉 = h |h〉. This means that the state |h〉 is created
by the mode φ−h, i.e:

|h〉 = φ−h |0〉

Requiring now that creation operators should create states with positive energy,
we conclude that:

• φn with n > −h are annihilation operators

• φn with n ≤ −h are creation operators
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Ward identities
For an arbitrary number of quasi-primary fields we have:

· 〈0| [Lk, φ1(z1)]...φn(zn) |0〉+ ...+ 〈0|φ1(z1)...[Lk, φn(zn)] |0〉 = 0

·[Ln, φ(w)] = h(n+ 1)wnφ(w) + wn+1∂φ(w)

Combining those we get:

n∑
i=1

∂i 〈0|φ1(z1)...φn(zn) |0〉 = 0

n∑
i=1

(zi∂i + hi) 〈0|φ1(z1)...φn(zn) |0〉 = 0

n∑
i=1

(z2
i ∂i + 2zihi) 〈0|φ1(z1)...φn(zn) |0〉 = 0
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Descendant Fields

OPE: T (z)φ(w) = 1
(z−w)2L0φ(w) + 1

(z−w)L−1φ(w) + L−2φ(w) + ...

Natural Definition: φ−n(w) = (L−nφ)(w) = 1
2πi

∮
1

(z−w)n−1T (z)φ(w)dz

Each primary field φ(z) gives rise to an infinite set of descendant fields by taking
derivatives ∂k and taking normal ordered products with T . Together, this set of
fields, comprise a representation:

Conformal Family

[φ(z)] := {φ, ∂φ, ∂2φ, ..., Tφ, ...}

Under the conformal transformations every member of each conformal family
transforms in terms of the representations of the same conformal family.

Descendant Field correlation function

< (L−nφ)(w)φ1(w1)...φk(wk) >= L−n < φ(w)φ1(w1)...φk(wk) >

L−n =
∑k

i=1

[
(n−1)

(wi−w)nhi −
1

(wi−w)n−1∂wi

]
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Verma Module/Null states I
State-Operator Correspondence: Each descendant state could be viewed as the
application of a descendant field on the vacuum, i.e.: L−n |h〉 = φ−n(0) |0〉

Verma Module

Verma module is the set of states corresponding to the conformal family of a
primary field and the Hilbert space can be decomposed into a (possibly infinite)
direct sum of irreducible highest weight Verma Modules Vh,c of the Virasoro
algebra

H =
⊕

h Vh,c

The number of states given per level N are equal to the number P (N) of
possible ways of the writing the number N as sum of positive integers.

Null States

Null State is a linear combination of states that vanishes, and the representation
of the Virasoro algebra with highest weight |h〉 is constructed from the above
Verma module by removing all null states (and their descendants).
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Verma Module/Null states II

N=2 null state

|χnull〉N=2 =
(
L−2 − 3

2(2h+1)L
2
−1

)
|h〉 = 0 c =

2h(5− 8h)

2h+ 1
a = − 3

2(2h+ 1)

Level Dimension Field State

0 h φ(z) |h〉
1 h+ 1 ∂φ L−1 |h〉
2 h+ 2 ∂2φ L−1L−1 |h〉
2 h+ 2 Tφ L−2 |h〉
3 h+ 3 ∂3φ L−1L−1L−1 |h〉
3 h+ 3 T (∂φ) L−2L−1 |h〉
3 h+ 3 ∂(Tφ) L−3 |h〉
... ... ... ...

N h+N P (N) P (N)
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Kač Determinant
Previous process of finding the null states of a Verma Module becomes
increasingly difficult. We introduce the Kač Determinant:

detMN (h, c) = aN
∏

0<p,q≤N
(h− hp,q(c))P (N−pq) 〈h|

∏
i

Lki
∏
j

L−mj |h〉

hp,q(m) = [(m+1)p−mq]2−1
4m(m+1) , m = −1

2 ±
1
2

√
25−c
1−c

∞∑
N=0

P (N)qN =

∞∏
n=1

1

1− qn

Level-2

· 〈h|L2L−2 |h〉 = 4h+ c
2 · 〈h|L1L1L−2 |h〉 = 6h

· 〈h|L2L−1L−1 |k〉 = 6h · 〈h|L1L1L−1L−1 |h〉 = 4h+ 8h2

detM2(h, c) = det

(
4h+ c

2 6h
6h 4h(2h+ 1)

)
= 32(h−h1,1)(h−h1,2)(h−h2,1) = 0

h1,1 = 0 h1,2 = 5−c
16 −

1
16

√
(1− c)(25− c) h2,1 = 5−c

16 + 1
16

√
(1− c)(25− c)

Lazaros Tsaloukidis (A.U.Th.) CFT in 2 dimensions 17-2-2021 18 / 41



Fusion Rules
Minimal models: special cases of rational CFTs, 2-dimensional conformal field
theories with a finite number of conformal primary fields.

[φ(p1,q1)]× [φ(p2,q2)] =

p1+p2−1∑
p3=|p1−p2|+1
p1+p2+p3=odd

q1+q2−1∑
q3=|q1−q2|+1
q1+q2+q3=odd

[φ(p3,q3)]

Kač Table: The closed set of operators that defines the specific minimal model
Mm,m+1. Each primary operator appears twice in this table, due to the
symmetry:

hp,q = hm−p,m+1−q → φp,q = φm−p,m+1−q

and possess Z2 charge (−1)lp,q , where

lp,q =


p− 1 mod 2 if p is even

q − 1 mod 2 if q is even

p+ q mod 2 otherwise

Lazaros Tsaloukidis (A.U.Th.) CFT in 2 dimensions 17-2-2021 19 / 41



Correlation Functions, Structure Constants and Crossing
Symmetry
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3-point Functions Structure constants
General expression for the OPE of two primary fields:

φi(z, z̄)φj(0, 0) =
∑

p

∑
{n,n̄} z

−hpij+N z̄−h̄
p
ij+N̄C

p(−n,−n̄)
ij φ

(−n,−n̄)
p (0, 0)

leading to:

〈hk, h̄k|φi(z, z̄)φj(0, 0) |0〉 = z−h
p
ij z̄−h̄

p
ijC

k(0,0)
ij

General expression for the 3-point function from Conformal Invariance:

< φk(z1, z̄1)φi(z2, z̄2)φj(z3, z̄3) >=
Ckij

(z12)
h
j
ki (z23)

hk
ij (z13)

hi
kj×(z̄12)

h̄
j
ki (z̄23)

h̄k
ij (z̄13)

h̄i
kj

for z1 →∞,z2 = z and z3 = 0 leads to:

< φk(∞,∞)φi(z, z̄)φj(0, 0) >= z−h
p
ij z̄−h̄

p
ijCkij

Comparing both expressions we deduce that:

C
k(0,0)
ij = Ckij
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Descendant Fields Structure constants I
Dual basis: 〈h(−n,−n̄)

k | =
∑
{n,n̄} a

(−n,−m)
k ā

(−n̄,−m)
k 〈hk, h̄k|Lm1 ...LmpL̄m1 ...L̄mp

3-point function: < φkLmφi(z, z̄)φj >= z−h
k
ij+mz̄h̄

k
ij (mhi − hj + hk)C

k
ij

Combining all the above we have:

BPZ Theorem

C
k(−n,−n̄)
ij = Ckij × β

k(−n)
ij × β̄k(−n̄)

ij

where

β
k(−n)
ij =

∑
{n}

a
(−n,−m)
k b

k(−m)
ij β̄

k(−n̄)
ij =

∑
{n̄}

ā
(−n̄,−m)
k b̄

k(−m)
ij

• Coefficients are β
k(−n)
ij ,β̄

k(−n̄)
ij ”purely kinematic” i.e. they are completely

determined by the Virasoro commutation rules and the OPEs of Tφ.

• Structure constants for primary operators Cijk, are ’dynamic”, i.e. they are
determined non-trivially from the full structure of the operator algebra.
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Descendant Fields Structure constants II

Identity

Ln |Xk
ij(N + n, N̄)〉 = (nhi − hj + hk +N) |Xk

ij(N, N̄)〉

where

|Xk
ij(N, N̄)〉 =

∑
{n,n̄} β

k(−n)
ij β̄

k(−n̄)
ij zN z̄N̄L−n1 ...L−nlL̄−n̄1 ...L̄−n̄l |hk, h̄k〉

Making use of the above identity along side the Virasoro commutations rules
provides the constants for each level.

Example-Level 1

· |Xk
ij(0, 0)〉 = |hk, h̄k〉 · |Xk

ij(1, 0)〉 = β
k(−1)
ij L−1 |hk, h̄k〉 · [L1, L−1] = 2L0

L1 |Xk
ij(1, 0)〉 = β

k(−1)
ij [L1, L−1] |hk, h̄k〉

L1 |Xk
ij(1, 0)〉 = (hi − hj + hk) |Xk

ij(0, 0)〉

}
⇒ β

k(−1)
ij =

hi − hj + hk
2hk

At a given level N there are P (N) coefficients β
k(−n)
ij to be found by bringing

|Xk
ij(N,N)〉 to level 0 with the help of the Virasoro operators Ln(n > 0).
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Conformal Blocks and Bootstrap I

Four point function

Gjikl(x, x̄) = 〈hi, h̄i|φj(1, 1)φk(x, x̄) |hl, h̄l〉 x = (z1−z2)(z3−z4)
(z1−z3)(z2−z4)

Decomposition into partial waves formalism

Gjikl(x, x̄) =
∑

pCpklCpijA
ji
kl(p|x, x̄)

where

Ajikl(p|x, x̄) = x
−hp

kl x̄
−h̄p

kl

Cpij
〈hi, h̄i|φj(1, 1)Xp

kl(x, x̄|N, N̄) |0〉 = F jikl(p|x)F̄ jikl(p|x̄)

The conformal blocks represent the element in four-point functions that can be
determined from conformal invariance. Dependence on the anharmonic ratios
through a series expansion. Fixed by Conformal Invariance.

Gjikl(x, x̄) =
∑

pCpklCpijF
ji
kl(p|x)F̄ jikl(p|x̄)

Lazaros Tsaloukidis (A.U.Th.) CFT in 2 dimensions 17-2-2021 24 / 41



Conformal Blocks and Bootstrap II

Crossing Symmetry∑
pCpklCpijF

ji
kl(p|x)F̄ jikl(p|x̄) =

∑
q CqkjCqilF likj(q|1− x)F̄ likj(q|1− x̄)

s-channel:z1 →∞, z2 = 1, z3 = x, z4 = 0

t-channel:z1 →∞, z2 = 0, z3 = 1−x, z4 = 1

·N4 constraints to be used for evaluation of
N3 +N parameters.

· Bootstrap approach: Calculation of correla-
tion functions by assuming Crossing Symme-
try

· Further constraints taken by making use of
the null descendants to find the Conformal
Blocks.
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Null Vector condition differential equation

As an example we choose the primary field φ(2,1). We have:

χnull(2,1) = L−2φ(2,1) − 3
2(2h2,1+1)L

2
−1φ(2,1) = 0 h2,1 = 5−c

16 + 1
16

√
(1− c)(25− c)

which translates for the correlation function into:∑
i=1,2,3

[
hi

(zi−z0)2 − 1
(zi−z0)

∂
∂zi
− 3

2(2h2,1+1)
∂2

∂z2
i

]
< φ(2,1)

∏
i=1,2,3 φi(zi, z̄i) >= 0

Taking into account that:

· < φ(2,1)

∏
i=1,2,3 φi(zi, z̄i) >=

∏
0≤i<j≤3

(zi − zj)µ
ij

(z̄i − z̄j)µ
ij
f(x, x̄)

·µij = 1
3

∑3
k=0 hk − hi − hj · µij = 1

3

∑3
k=0 h̄k − h̄i − h̄j

we arrive after a series of transformations and f ′(x) = zµ01(1− z)µ02f(x) at:[
3

2(2h(2,1)+1)
d2

dx2 + 2x−1
x(x−1)

d
dx −

h1
x2 − h2

(x−1)2 + h0+h1+h2−h3
x(x−1)

]
f ′(x) = 0
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Free fields on the plane
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Free Bosons on the plane

·S = a
2

∫
∂φ∂̄φdzdz̄ · ∂∂̄φ(z, z̄) = 0 ·G(z, z̄, w, w̄) = − 1

4πa ln|z − w|
2

Currents of the theory: j(z) = i∂φ(z, z̄) j̄(z̄) = i∂̄φ(z, z̄)

< j(z), j(w) >= 1
4πa

1
(z−w)2 [jn(z), jm(w)] = n

4πaδn+m,0

Stress-Energy Tensor and OPEs:

·T (z) = −2πa limw→z

[
∂φ(z, z̄)∂φ(w,w) + 1

8π2a2
1

(z−w)2

]
= −2πa : ∂φ∂φ :

·T (z)∂φ(w,w) = ∂φ(w,w)
(z−w)2 + 1

(z−w)∂
2φ(w,w) + ...

·T (z)T (w) = 1
2

1
(z−w)4 + 2T (w)

(z−w)2 + ∂T (w)
(z−w) + ...

Central charge of the free boson is c=1
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Free (Majorana) Fermions on the plane

·S = a
∫

(ψ∂ψ + ψ∂̄ψ)dzdz̄ {γµ, γν} = 2ηµνI2 · ∂̄ψ = 0 · ∂ψ̄ = 0

·G(z, w) =< ψ(z)ψ(w) >= 1
2πa

1
(z−w) ·G(z̄, w) =< ψ̄(z̄)ψ̄(w) >= 1

2πa
1

(z̄−w)

·{ψn(z), ψm(w)} = 1
2πaδn+m,0

Stress-Energy Tensor and OPEs:

·T (z) = −2πTzz = −1
2πT

zz = −πa : ψ∂ψ :

·T (z)ψ(w) = 1
2

1
(z−w)2ψ(w) + 1

(z−w)∂ψ(w) + ...

·T (z)T (w) = 1
4

1
(z−w)4 + 2T (w)

(z−w)2 + ∂T (w)
(z−w) + ...

Central charge of the free fermion is c=1/2
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Fermionic Twist fields
Z2 symmetry, on the Majorana Fermion action results in periodic and
antiperiodic boundary conditions on the plane.

ψ(w)cyl → ψcyl(z) =
(
dz
dw

)1/2
ψpl(z) =

√
2πz
L ψpl(z)

·N.S.(Periodic) : ψ(e2πiz) = ψ(z) iψ(z) =
∑

n∈Z+1/2 ψn(z)z−n−
1
2

·R.(Antiperiodic) : ψ(e2πiz) = −ψ(z) iψ(z) =
∑

n∈Z ψn(z)z−n−
1
2

Introduction of twist field:

ψ(z)σ(w) = µ(w)√
z−w + ... < ψ(z)ψ(w) >(R)=

1
4πa

√
z
w

+
√

w
z

z−w

〈σ|T (z) |σ〉 = 1
16z2 T (z) |σ〉 = T (z)σ(0) |0〉 = hσσ(0)

z2 |0〉+ ...

The smallest irreducible representation of 2d Clifford algebra consists of two
states:

(−1)F |±〉R = ± |±〉R ψ0 |±〉R = 1√
4πa
|±〉R |+/−〉R = σ(0)/µ(0) |0〉R

Lazaros Tsaloukidis (A.U.Th.) CFT in 2 dimensions 17-2-2021 30 / 41



Bosonization
Using the bosonic field φ, we can introduce a vertex operator :

Vb(z, z̄) =: eibφ(z,z̄) : T (z)Vb(w,w) = b2

8πa
Vb(w,w)
(z−w)2 + ∂Vb(w,w)

(z−w) + ...

We define now the fermionic fields as:

ψ+ =: ei
√

2πaφ(z) : ψ− =: e−i
√

2πaφ(z) : ψ± = 1√
2
(ψ1 ± iψ2)

From the two relations:

Vb(z)V−b(w) =: ei
√

2πaφ(z) :: e−i
√

2πaφ(w) := 1
(z−w) + i∂φ(w) + ... b =

√
2πa

ψ+(z)ψ−(w) = 1
(z−w)+ : ψ+(w)ψ−(w) : +(z − w) < ∂ψ+(w)ψ−(w) > +...

we extract:

Bosonization Rules

: ψ+(w)ψ−(w) := i∂φ(w) = j(w)

Tψ(z) = −πa : ψ1∂ψ1 : −πa : ψ2∂ψ2 := −1
2Tφ(z)
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Application on 2d Ising model
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Critical Phenomena-Phase Transition

1st order phase transition:The two phases remain different at the transition.
Order parameter discontinuous. The correlation length remains finite at this
type of phase transition.

2nd order phase transition:The two phases become identical at the phase
transition. All order parameters remain continuous. The correlation length
diverges and the two phases become identical on either side as we approach
the critical point. The system displays scale-invariance.

Critical exponents

Power-law dependencies of the system’s correlation length and other
thermodynamic quantities with respect to the parameters specifying distances
from the critical point. The scaling hypothesis is used to relate critical exponents
corresponding to various physical quantities.

Behaviour of systems near critical points is set into Universality Classes
depending on the values critical exponents take.
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Ising model in 2 dimensions

Second order phase transition

Spin variables σi ∈ {−1, 1} sit at
the nodes of a square lattice of size
N ×N .

Interaction through a nearest
neighbor energy defined as:
Eij = −Jσiσj
Continuum Limit formulation:
Separation of a low temperature
ordered phase K = β · J > Kc with
the expectation value < σ >= 0,
from a high-temperature disordered
phase with K < Kc and < σ > 6= 0.

Kramers-Wannier duality between
σ and µ.
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Connection with the Majorana Fermion

Majorana Fermion Lagrangian density: L = ψ∂ψ + ψ∂ψ + imψψ

1st step: Connection between the 2D Ising Model and the 1D Quantum
Ising Chain.

2nd step: Jordan-Wigner Transformation = Pauli matrices written as
annihilation-creation operators.

3rd step: Bogoliubov Transformation = Diagonalization of Hamiltonian for
the normalization constant giving critical point.

No massive terms allowed in the Lagrangian in a CFT.

imψψ ∝ (K −Kc)

At the critical point...

2D Ising model Lagrangian density: L = ψ∂ψ + ψ∂ψ
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M3,4 minimal model identification I - Conformal Families

The system’s Conformal Families are:

[Φ1,1] = [Φ2,3] : (h1,1, h̄1,1) = (0, 0)

[Φ2,1] = [Φ1,3] : (h2,1, h̄2,1) =
(

1
2 ,

1
2

)
[Φ1,2] = [Φ2,2] : (h2,2, h̄2,2) =

(
1
16 ,

1
16

)
Associated operator fields are given from:

• I = φ1,1(z)φ̄1,1(z̄) (−1)lI=+1

• ε(z, z̄) = φ2,1(z)φ̄2,1(z̄) (−1)lε = +1

• σ(z, z̄) = φ1,2(z)φ̄1,2(z̄) (−1)lσ = −1

ψ(z) = φ(2,1)(z)φ̄(1,1)(z̄)

ψ̄(z̄) = φ(1,1)(z)φ̄(2,1)(z̄)

Lazaros Tsaloukidis (A.U.Th.) CFT in 2 dimensions 17-2-2021 36 / 41



M3,4 minimal model identification II - Fusion Rules/ Critical
Exponents
The allowed fusion rules are governed by spin reversal (σ → −σ) and the
order-disorder duality (ε→ −ε) symmetries:

Fusion Rules

• [σ]× [σ] = [I] + [ε] • [ε]× [ε] = [I]

• [σ]× [ε] = [σ]

ξ(T ) ∼ 1
|T−Tc| < σiσj >c ∼ 1

|ri−rj |η

< εiεj > ∼ < σiσi+1σjσj+1 > ∼ 1
|ri−rj |2(2−1/ν)

Critical Exponents

Microscopic Critical Exponents: η = 1/4 ν = 1

Macroscopic Critical Exponents: α = 0 β = 1/8 γ = 7/4 δ = 15

Minimal Model M3,4 is the critical continuum version of the 2d Ising model.
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2d Ising model Structure Constants I
We know (

L−2 − 4
3L

2
−1

)
< σ(z, z̄)φ(z1z̄1)...φ(zN z̄N ) >= 0

From the fusion rules and the 2-point correlation functions we can derive:

CεεI = CσσI = 1

For the final structure constant we have:

G(4)
σσσσ =

1

|x(1− x)|1/4
2∑

i,j=1

cijfi(x)f̄j(x̄)

giving the ODE [
x(1− x)

d2

dx2
+

(
1

2
− x
)
d

dx
+

1

16

]
fi(x) = 0

with solution

f1(x) =

√
1 +
√

1− x f2(x) =

√
1−
√

1− x
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2d Ising model Structure Constants II

G
(4)
σσσσ = C

|x(1−x)|1/4

(
|1 +
√

1− x|+ |1−
√

1− x|
)

= C
|x|1/4

(
2 + 1

2 |x|+ ...
)

Combining now G
(4)
σσσσ = limz,z̄→∞ |z|1/4 < σ(z, z̄)σ(1, 1)σ(x, x̄)σ(0, 0) >

with

σ(z1, z̄1)σ(z2, z̄2) = 1
|z1−z2|1/4

+ Cσσε
|z1−z2|3/4

ε(z2, z̄2) + ...

we get

G
(4)
σσσσ = 1

|x|1/4 (1 + |x|C2
σσε)

Comparing both expressions means

C = 1
2 Cσσε = 1

2

So the CFT we have found completely determines the dynamics of the system
and the Ising model is solved by consistency.
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Recent Developments...

· The AdS/CFT correspondence in studying theories of quantum gravity,
formulated in terms of string theory or M-theory.
· 2d Boundary Conformal Field theory (bCFT) used now to study physics of
open strings and D-branes.
· Again CFT is used to study other statistical models such as the Yang-Lee edge
singularity which is a topic of intensive research the last couple of years.
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Thank you for your attention!
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